Abstract. Given a small simplicial category C whose underlying ordinary category is equipped with a Grothendieck topology τ , we construct a model structure on the category of simplicially enriched presheaves on C where the weak equivalences are the local weak equivalences of the underlying (non-enriched) simplicial presheaves. We show that this model category is a t-complete model topos and describe the Grothendieck topology [τ ] on the homotopy category of C that corresponds to this model topos. After we first review a proof showing that the motivic homotopy theory is not a model topos, we specialize this construction to the category of smooth schemes of finite type, which is simplicially enriched using the standard algebraic cosimplicial object, and compare the result with the motivic homotopy theory. We also collect some partial positive results on the exactness properties of the motivic localization functor.
Introduction
The motivic homotopy theory introduced by Morel and Voevodsky [21] provides a convenient framework for a homotopy theory of schemes and has led to the introduction of methods from algebraic topology with many spectacular applications. The motivic homotopy theory is obtained from two localization processes on the category of simplicial (pre)sheaves on Sm S , the category of smooth schemes of finite type over a base scheme S. The Nisnevich localization is concerned with imposing descent with respect to Nisnevich covers and ties the category of simplicial presheaves with that of schemes regarded as a Grothendieck site. The A 1 -localization imposes A 1 -invariance on simplicial presheaves where A 1 is henceforth the scheme that plays the role of an interval object. A (fibrant) motivic space is a simplicial presheaf which is A 1 -homotopy invariant and satisfies Nisnevich descent. One obtains a motivic space by iterating these two localization processes, necessarily infinitely often, as each one generally destroys the effect of the other.
The intricate interaction between the two localization processes is one of the subtle points in the theory.
The first localization taken alone corresponds to a construction that is available and well known for general Grothendieck sites. Given a Grothendieck site (C, τ ), Jardine [16, 17] constructed a model structure on the category sPSh(C) of simplicial presheaves, called the local model structure, whose weak equivalences are those morphisms which induce isomorphisms on the τ -sheaves of homotopy groups. The notion of fibrant object in this local model category encodes the property of homotopical descent with respect to hypercovers [10] . On the other hand, the second localization generalizes to categories where there is a notion of homotopy so that one can speak of homotopy invariant simplicial presheaves. Combining both types of structure has led to the notion of a site with an interval as the foundational framework for motivic homotopy theory (see [21, 2.3 .1] and [32, 2.2] ).
In the case of schemes, the A 1 -localization can alternatively be encoded by considering the simplicial enrichment Sm S of Sm S from [14] . The homotopy theory of enriched simplicial presheaves sPSh ∆ (Sm S ) consists of A 1 -homotopy invariant objects and moreover, it is equivalent to the A 1 -localization of sPSh(Sm S ) (see Proposition 4.1). In other words, one of the localizations for the motivic homotopy theory can be skipped by encoding A 1 -invariance directly into the objects of the category sPSh ∆ (Sm S ). Motivated by this example, we consider in this paper a mixed setup which combines descent with respect to an ordinary Grothendieck topology with a simplicial enrichment. More precisely, the setup consists of a simplicial category C whose underlying ordinary category C 0 is equipped with a Grothendieck topology τ . We prove that the category of simplicially enriched simplicial presheaves sPSh ∆ (C) admits a model structure where a morphism is a weak equivalence if it is a local weak equivalence when regarded as a morphism between (non-enriched) simplicial presheaves in sPSh(C 0 ) (see Theorem 3.1). We call the resulting model category, denoted sPSh ∆ (C) U τ , the U-local model category where U : sPSh ∆ (C) → sPSh(C 0 ) is the forgetful functor. This homotopy theory is related to homotopy theories that arise from a site with an interval, but there are some interesting and important differences, too. When applied to the simplicial category Sm S with the Nisnevich topology Nis, this gives a model category sPSh ∆ (Sm S ) U Nis which is not equivalent to the motivic homotopy theory -the latter is obtained by a further (non-trivial) left Bousfield localization.
One of the properties that the motivic homotopy theory fails to satisfy is that of being a model topos. The notion of a model topos was introduced and studied by Rezk [28] and Toën-Vezzosi [31] and forms the model categorical analogue of an ordinary Grothendieck topos. The notion of a model topos involves homotopical descent properties and it is intimately connected with homotopical sheaf theory. An argument for the failure of the motivic homotopy theory to form a model topos was sketched in [30] , but we will review it here too in some more detail (see Proposition 4.12). This fact can be considered as a residual effect of the complications that arise when the Nisnevich and A 1 -localization processes are combined. Each of the two localizations taken separately does indeed define a model topos. The failure of this property for the motivic homotopy theory implies in particular that the motivic localization functor does not preserve homotopy pullbacks in general.
Based on results of Asok-Hoyois-Wendt [2] and Rezk [29] , we prove a positive result which says that a homotopy pullback whose lower right corner is π 0 -A 1 -local (see Definition 4.15) is also a motivic homotopy pullback (see Theorem 4.19) .
On the other hand, the U-local model category sPSh ∆ (C) U τ is a model topos (see Theorem 3.3) . In particular, sPSh ∆ (Sm S ) U Nis is a model topos. As in classical topos theory, there is a close connection between model topoi, defined as homotopy left exact left Bousfield localizations of enriched simplicial presheaves, and Grothendieck topologies. This was explored and studied in detail by Toën-Vezzosi [31] for simplicial categories and by Lurie [20] for ∞-categories. In these homotopical contexts, a Grothendieck topology on a simplicial category (or ∞-category) C corresponds to an ordinary Grothendieck topologyτ on the homotopy category of C. We emphasize that this differs from our basic setup where the simplicial enrichment and the Grothendieck topology are independent of each other. Toën-Vezzosi [31] proved the existence of local model structures associated with a simplicial category C equipped with a Grothendieck topologyτ in this homotopical sense. This local model category sPSh ∆ (C,τ ) is a model structure on the category of enriched simplicial presheaves sPSh ∆ (C) where the weak equivalences are those morphisms which induce isomorphisms on theτ -sheaves of homotopy groups (see Theorem 3.6). Moreover, Toën and Vezzosi proved that this construction recovers all (t-complete) model topoi (see Theorem 3.8) . Thus, the (t-complete) model topos sPSh ∆ (C) U τ also arises in this way from a Grothendieck topology [τ ] on Ho(C). We study this induced Grothendieck topology and compare it with τ in Subsection 3.3. Then we specialize this comparison to the case of Sm S equipped with the Nisnevich topology and give an interpretation as to what type of descent, necessarily weaker than Nisnevich descent, is encoded in the U-local model topos sPSh ∆ (Sm S ) U Nis . While this particular U-local model topos and its connection with the motivic homotopy theory is our main motivation for considering U-local model structures in this paper, the general construction may be useful for a comparative study also in other contexts where there are two localization processes in interaction, one for descent and one for homotopy invariance.
The paper is organized as follows. In Section 2, we review the theory of model topoi and discuss some of their properties. In Section 3, we prove the existence of the U-local model structure on sPSh ∆ (C) and show that it is a model topos (Theorems 3.1 and 3.3). In Subsection 3.3, we identify the associated topology [τ ] on the homotopy category of C that corresponds to this model topos, and discuss the comparison between the τ -and [τ ]-sheaf conditions.
In Section 4, we recall from [14] the simplicial enrichment of the category Sm S that is defined by the standard algebraic cosimplicial object. We show that the A 1 -localization of the projective model structure sPSh(Sm S ) is Quillen equivalent to the projective model structure sPSh ∆ (Sm S ) on enriched simplicial presheaves (Proposition 4.1). Thus, it defines a model topos -even though A 1 -localization is not homotopy left exact. Then we recall the definition of (several known models for) the motivic homotopy theory and prove that it is not a model topos (Subsection 4.3). In Subsection 4.4, we collect some positive results on the exactness properties of motivic localization.
The U-local model structure sPSh ∆ (Sm S ) U Nis and its relationship with the motivic homotopy theory are discussed in Section 5. We construct a useful Quillen equivalent model for this U-local model category using non-enriched simplicial 
is an objectwise weak equivalence (respectively objectwise fibration) if for every c ∈ Ob(C), the map η c : F (c) → G(c) is a weak equivalence (respectively fibration) of simplicial sets. A morphism η : F → G is a projective cofibration if it has the left lifting property with respect to all morphisms which are objectwise weak equivalences and fibrations. The category sPSh ∆ (C) is enriched, tensored and cotensored over sSet with the (co)tensor structure defined objectwise using the simplicial structure of the category of simplicial sets. The following theorem is well known.
Theorem 2.1. The classes of projective cofibrations, objectwise weak equivalences and objectwise fibrations define a proper simplicial combinatorial model structure on the category sPSh ∆ (C).
This model category is called the projective model category. We recall a precise definition of sets of generating cofibrations and trivial cofibrations. A set of generating cofibrations is defined by the morphisms
for all c ∈ Ob(C) and n ≥ 0, and a set of trivial cofibrations is defined by the morphisms
for every c ∈ Ob(C), n > 0, and 0 ≤ k ≤ n. The model category is lifted from the product (cofibrantly generated) model category Ob(C) sSet along the simplicially enriched (Quillen) adjunction
where i * is the restriction functor along the inclusion i : Ob(C) → C op .
By regarding a set as a constant simplicial set, a small ordinary category C can be considered as a (discrete) simplicially enriched category where the mapping spaces are constant simplicial sets. In this case, the category sPSh ∆ (C) is just the category of ordinary simplicial presheaves, denoted sPSh(C), and the model structure in Theorem 2.1 is called the projective model structure. On the other hand, any simplicial category C has an underlying ordinary category C 0 , obtained after forgetting the simplicial enrichment. We emphasize the simplicial enrichment of C in the notation sPSh ∆ (C) because we are interested in the comparison between the projective model categories sPSh ∆ (C) and sPSh(C 0 ) and their left Bousfield localizations. There is a Quillen adjunction
where U denotes the forgetful functor and H is the colimit-preserving (simplicially enriched) Kan extension of the functor
We note that the right adjoint U preserves colimits.
2.2. Small presentations. We denote by M S the left Bousfield localization of a left proper combinatorial model category M at a set of morphisms S. We recall that this localized model category always exists in the context of combinatorial model categories (see [20, A.3.7] ). The model category M S is again cofibrantly generated and left proper. It is also simplicial if M is. The weak equivalences (respectively fibrations) in M S are called S-local equivalences (respectively S-local fibrations).
Definition 2.2.
A small presentation (C, S) consists of a small simplicial category C and a set of morphisms S in sPSh ∆ (C). A small presentation of a model category M is a triple (C, S, F ) where (C, S) is a small presentation and F is the left adjoint of a Quillen equivalence
Every presentable model category has a small homotopically dense subcategory of homotopically presentable objects. Therefore, not every model category can be presentable. For example, discrete model categories which do not have a small dense subcategory provide examples of non-presentable model categories. The following theorem of Dugger [12] identifies a large class of presentable model categories (see also [24] ). Theorem 2.3 (Dugger [12] ). Every combinatorial model category is presentable.
Remark 2.4. The definition of a small presentation in [12] requires that C is an ordinary category. Our definition of a presentable model category is therefore seemingly more general than the definition in [12] -ours allows C to be a non-discrete simplicial category. However, as the model category sPSh ∆ (C) is always combinatorial, Dugger's theorem shows that it admits a small presentation defined by an ordinary category. Hence, the two definitions are equivalent.
Remark 2.5. The property of being presentable is invariant under Quillen equivalences. If M is presentable and F : N → M is a left Quillen equivalence, then N admits a small presentation as well (see [11, Prop. 5 .10, Cor. 6.5]).
Model topoi.
We review the basic theory of model topoi as introduced by Rezk [28] and Toën-Vezzosi [31] . Using the correspondence between presentable model categories and presentable ∞-categories, this theory is the model categorical counterpart of ∞-topos theory as developed by Lurie [20] .
A left Quillen functor F : M → N is called homotopy left exact if it preserves finite homotopy limits. The proof of the following proposition is straightforward. We have the following useful criterion for a small presentation (C, S) to define a model site. We recall an intrinsic characterization of model topoi in terms of descent properties which is due to Rezk [28] . 
is a homotopy pullback, then the following hold: (HD1) If for every i ∈ ObI the diagram
is a homotopy pullback, then X is a homotopy colimit diagram. (HD2) If X is a homotopy colimit diagram, then the diagram
is a homotopy pullback for every i ∈ ObI.
Example 2.10 (Mather's second cube theorem). Suppose that a model category M satisfies (HD1). Consider a cube in M
where the bottom face is a homotopy pushout and all the side faces are homotopy pullbacks. Then the top face is a homotopy pushout.
Example 2.11. Let M be a model category which satisfies (HD1). Let X ∈ M be a pointed object, F, E : I → M two diagrams, and natural transformations F → E → cX such that
is a homotopy fiber sequence for all i ∈ I. Then also
is a homotopy fiber sequence. To see this, let us suppose for simplicity that M is cofibrantly generated and E is a cofibrant-fibrant diagram in the projective model category M I . Then consider the solid diagram
where hE denotes the (homotopy) colimit, * is obtained by a factorization * ∼ − → * X and A is the pullback of hE → X along * X. We may assume that X and hE are fibrant, so this pullback is the homotopy fiber of hE → X. Let F : I → M be the diagram defined by the pullbacks of E(i) → hE along A → hE. These pullbacks are also homotopy pullbacks, hence F (i) is a model for the homotopy fiber of E(i) → X. Then the claim follows as an application of (HD1).
Example 2.12. Let M be a model category which satisfies (HD1). Let X and Y be pointed objects of M and consider a homotopy fiber sequence F → E → X. Then we have:
There is a homotopy fiber sequence ΣΩX → X ∨ X → X. Here all functors are assumed to be derived. These statements are consequences of Mather's second cube theorem (Example 2.10), as explained in [9] , and Example 2.11. The authors in op.cit. consider the cube theorem as an axiom and study its consequences. More precisely, assertion (1) is [9, Cor. 2.13] and (2) follows directly from Example 2.11 applied to the diagram * ← X → * over X. The statement (3) is [9, Prop. 4.6] and (4) is [9, Cor. 4.3] . Finally, (5) follows from (4) applied to the fiber sequence ΩX → * → X.
Example 2.13 (groupoids are effective). Let Top be the model category of topological spaces. It is classically known that Top satisfies homotopical descent. As an instance of (HD2), let X • be a Reedy cofibrant simplicial space such that for each
is a homotopy pullback. Hereū(i) = u(i) for i ≤ n andū(n + 1) = m + 1. Then the square
is also a homotopy pullback. Similar assertions hold for more general model categories satisfying (HD2).
Example 2.14. Since sSet satisfies (HD1) and (HD2), so do also the model categories sPSh ∆ (C) for any small simplicial category C. It is easy to see that these properties are invariant under homotopy left exact Bousfield localizations. Therefore every model topos satisfies homotopical descent. Theorem 2.15 (Rezk [28] Proof. It suffices to show that the smallest class of morphisms which satisfies the properties (i) it contains S and the weak equivalences in M, (ii) it has the 2-out-of-3 property, (iii) it is closed under homotopy pushouts in M, (iv) it is closed in M → under homotopy colimits in M,
and (v) it is closed under homotopy pullbacks in M,
is generated by a set of morphisms S with respect to properties (i)-(iv) only (since these properties specify the classes of weak equivalences of left Bousfield localizations). This is proved for ∞-topoi in [20, Prop. 6.2.1.2]. The proof for model topoi is similar or can easily be obtained indirectly by passing to the associated ∞-topos and back.
We emphasize the special dependence of S on M that comes from property (v). It is easy to conclude that this homotopy left exact Bousfield localization also has the following universal property and therefore may be regarded as a kind of "topofication" of the pair (M, S). Proposition 2.20. Let M be a model topos and X a cofibrant object in M. Then the model category X/M satisfies the homotopical descent properties (HD1) and (HD2) of Definition 2.9 for each category I whose nerve is weakly contractible.
Proof. We claim that the forgetful functor U : X/M → M preserves and detects all homotopy limits and homotopy colimits over contractible categories. U is right Quillen and it is easy to see that it preserves and detects (homotopy) limits. Note that U does not preserve colimits in general (but it preserves connected colimits). Without loss of generality, we may assume that M is simplicial. Then the standard model for the homotopy colimit functor gives the following comparison: for a diagram
As a consequence, U preserves and detects homotopy colimits when N (I) is weakly contractible. Then the required result is a direct consequence of the homotopical descent properties of M.
The following proposition shows that a stable model category automatically fulfills the restricted descent properties of the previous proposition. Proposition 2.21. A stable model category M satisfies the homotopical descent properties (HD1) and (HD2) of Definition 2.9 for each category I whose nerve is weakly contractible.
Proof. According to the defining property of stable model categories, a commutative square is a homotopy pushout if and only if it is a homotopy pullback. Suppose that Y : I → M is a homotopy colimit diagram, X : I → M is a functor and φ : X → Y is a natural transformation such that for every i → j in I the diagram
is a homotopy pushout. Hence, the diagram Z : I → M which consists of the (weakly equivalent) vertical homotopy cofibers hocofib(X(i) → Y (i)) is homotopically constant. First, we note that X is a homotopy colimit diagram if and only if the canonical map hocolim Z → hocofib(X(∞) → Y (∞)) is a weak equivalence. Secondly, the diagram
is a homotopy pushout if and only if
) is a weak equivalence. Hence, it remains to show that Z(i) − → hocolim Z for all i ∈ I. This follows from [7, Lemma 27.8] given that the nerve of I is weakly contractible.
2.6. Right properness and (HD1). The defining property of a model topos is partially related to the existence of a right proper small presentation sPSh ∆ (C) S . Right properness is equivalent to the property that for every weak equivalence f : X → Y , the Quillen adjunction
which is defined by composition with f and pullback respectively, is a Quillen equivalence. In particular, right properness depends only on the underlying category with weak equivalences. We emphasize that right properness is not invariant under Quillen equivalences (for example, the Bergner model structure on simplicially enriched categories is right proper, whereas the Quillen equivalent Joyal model structure on simplicial sets is not right proper).
Proposition 2.22. Every model topos admits a right proper small presentation.
Proof. Let M be a model topos and (C, S, F ) a small presentation of M. Consider a pullback square in sPSh
where p is an S-local fibration and g an S-local equivalence. Then p is also a fibration in sPSh ∆ (C). Since sPSh ∆ (C) is right proper, it follows that the square is also a homotopy pullback in sPSh ∆ (C). Then it is also a homotopy pullback in sPSh ∆ (C) S and therefore g is an S-local equivalence, as required.
The following partial converse shows that (HD1) is also a consequence of right properness. We note that (HD1) asserts that homotopy colimits commute with homotopy pullbacks and thus can be regarded as homotopy theoretic analogue of the property that colimits are universal. We note that (HD2) does not follow from the existence of a right proper small presentation in general (see, e.g., Proposition 4.12 for an example). Proof. A direct proof of the "if"-part can be given along the lines of [27] . A complete proof can be found in [13, Prop. 7.8 and Thm. 7.10].
Local model structures
3.1. The U-local model structure. Let C be a small simplicial category whose underlying ordinary category C 0 is endowed with a Grothendieck topology τ . For technical reasons, we shall assume that the associated topos of sheaves on C 0 has enough points. Let Sh(C 0 ) denote the Grothendieck topos of sheaves on (the ordinary site) C 0 and fix a small collection of enough points x * i : Sh(C 0 ) → Set. We consider the composite functorŝ
where α denotes the sheafification functor for the τ -topology. Each functorx * i induces a functor sPSh(C 0 ) → sSet which we denote by the same symbol.
Recall the forgetful functor U : sPSh
i . This class of weak equivalences does not depend on the choice of points x * i and it can be equivalently defined in terms of sheaves of homotopy groups (see [17] ). An objectwise weak equivalence is also a local weak equivalence [17, Lemma 9] .
A morphism η : F → G is a global fibration if it has the right lifting property with respect to all morphisms which are projective cofibrations and local weak equivalences. If η : F → G is a global fibration, then it is also an objectwise fibration and (x * i U)(η) is a fibration of simplicial sets for eachx * i . This follows from the fact thatx * i U preserve finite limits and epimorphisms. If C is an ordinary site, the corresponding notion of a globally fibrant object essentially codifies the property of being a homotopy sheaf (with respect to τ -hypercovers). We refer to [10] and [17] for background on homotopical sheaf theory in the case where C is an ordinary (non-simplicial) category. Theorem 3.1. Let C be a small simplicial category whose underlying ordinary category C 0 is endowed with a Grothendieck topology τ . Then the classes of projective cofibrations, local weak equivalences and global fibrations define a proper simplicial combinatorial model structure on the category sPSh ∆ (C).
Proof. We show that the conditions of Smith's recognition theorem for model structures on locally presentable categories are satisfied (see [20, [25] . It follows that the class of local weak equivalences is accessible and accessibly embedded in sPSh ∆ (C) → , regarded as a full subcategory. It also has the 2-out-of-3 property.
A morphism which has the right lifting property with respect to the projective cofibrations is an objectwise weak equivalence and therefore also a local weak equivalence. Lastly, the class of local weak equivalences which are monomorphisms is cofibrantly closed (that is, it is closed under pushouts, transfinite compositions and retracts), since the functors of pointsx * i U preserve colimits, monomorphisms and weak equivalences, and the corresponding property is valid in sSet. Hence the intersection of projective cofibrations and local weak equivalences is also cofibrantly closed. This completes the proof of the existence of the model structure.
The compatibility with the simplicial structure and left properness follow easily from Theorem 2.1. Right properness follows from the right properness of sSet given that the functorsx * i U preserve pullbacks and send global fibrations to fibrations of simplicial sets.
This model category will be denoted sPSh ∆ (C) U τ . We will refer to it as the U-local model structure on sPSh ∆ (C) in order to emphasize that the simplicial structure and the Grothendieck topology are given independently of each other. We note that it is a left Bousfield localization of the projective model category sPSh ∆ (C) at the class of local weak equivalences. The case of Theorem 3.1 for C an ordinary category is essentially due to Jardine (see, e.g., [17] ). In this case, we will usually denote the model category sPSh ∆ (C) U τ by sPSh(C, τ ) and refer to it as the local model structure. Remark 3.2. As the proof of Theorem 3.1 suggests, it is also possible to choose larger classes of cofibrations. Any set of monorphisms which contains the generating projective cofibrations generates a class of cofibrations for a model structure on sPSh ∆ (C) where the weak equivalences are the local weak equivalences.
We show next that the U-local model structures are model topoi. This is well known in the case of ordinary Grothendieck sites (see [27] ). Theorem 3.3. Let C be a small simplicial category whose underlying ordinary category C 0 is endowed with a Grothendieck topology τ . Then the U-local model category sPSh ∆ (C) U τ is a model topos.
Proof. By Proposition 2.8, it suffices to show that for every pullback square in sPSh
where p is a objectwise fibration and g is a local weak equivalence, then g is also a local weak equivalence. This is a consequence of the right properness of sSet using the fact that the functors of pointsx * i preserve pullbacks and send objectwise fibrations to fibrations of simplicial sets.
Remark 3.4. (Naturality) Let C and C be small simplicial categories whose underlying categories C 0 and C 0 (admit finite limits and) are equipped with Grothendieck topologies τ and τ . Let F : C → C be a simplicial functor which restricts to a (left exact) morphism of sites F 0 : (C 0 , τ ) → (C 0 , τ ). There is a Quillen adjunction between projective model categories
However, the functor sPSh
is not a left Quillen functor in general. To see this, let C be a simplicial category with underlying category C 0 considered as a discrete simplicial category. There is a canonical simplicial functor F : C 0 → C which is the identity on objects. The associated adjunction (F ! , F * ) can be identified with the adjunction (H , U). But the adjunction
is not a Quillen adjunction in general (see Corollary 5.7).
Remark 3.5. The functor U : sPSh
Model topoi from Grothendieck topologies on Ho(C). General constructions of model topoi (or ∞-topoi) that arise from a Grothendieck topology were introduced and studied in [31] and [20] . In that context, a Grothendieck topology on a simplicial category (or ∞-category) C is a Grothendieck topology on the associated homotopy category Ho(C). This context differs from our main example of a model topos, the U-local model topos (see Theorem 3.3), because there the Grothendieck topology and the simplicial enrichment are given independently. The purpose of this subsection is to review the model topoi of [31] and discuss the connection with the U-local model topoi.
Let C be a small simplicial category with a Grothendieck topologyτ on Ho(C). For each simplicial presheaf F ∈ sPSh ∆ (C), there is an associated sheaf of connected componentsπ 0 (F ) on Ho(C) and sheaves of homotopy groupsπ n (F, s) on Ho(C/x), for n ≥ 1 and s ∈π 0 (F (x)). (These are denoted π 0 (F ) and π n (F, s) respectively in [31] .) These are theτ -sheaves associated to taking homotopy groups objectwise. A morphism η : F → G in sPSh ∆ (C) is aπ * -equivalence if it induces isomorphisms of sheavesπ
for all n ≥ 1 and sections s ∈π 0 (F (x)) (see [31, Sect. 3] ). We say that η : F → G is a global fibration if it has the right lifting property with respect to all morphisms which are projective cofibrations andπ * -equivalences. The corresponding notion of globally fibrant object codifies the property of being a homotopy sheaf with respect to hypercovers defined byτ (see [31, 3.4 
.2]).
Theorem 3.6 (Toën-Vezzosi [31] ). Let C be a small simplicial category with a Grothendieck topologyτ on Ho(C). Then the classes of projective cofibrations, π * -equivalences and global fibrations define a proper simplicial combinatorial model structure on the category sPSh ∆ (C). Remark 3.7. Let C be an ordinary category, considered as a discrete simplicial category, and let τ =τ be a Grothendieck topology on C = Ho(C). In this case, the model structure sPSh ∆ (C,τ ) from Theorem 3.6 agrees with the U-local model structure sPSh ∆ (C) U τ from Theorem 3.1 and both are Quillen equivalent to the local model structure on sPSh(C). In particular, there is no conflict with the notation sPSh(C, τ ) introduced before Remark 3.2.
Moreover, we have the following classification theorem. The notion of t-completeness (or hypercompleteness [20] ) refers to hyperdescent as opposed to plain descent with respect to theČech covers. In other words, it means that the class of weak equivalences can be specified in terms of homotopy sheaves or, equivalently, that it can be detected by truncated objects. We refer to [31, 20] for more details.
Remark 3.9. The ∞-topoi of sheaves in [20] are defined in terms ofČech descent, that is, they are obtained as localizations of ∞-categories of presheaves at the collection of covering sieves that define the Grothendieck topology. These ∞-topoi define topological localizations [20, Def. 6.2.1.4, Prop. 6.2.2.7]. Lurie [20] proved a related classification result saying that there is a bijective correspondence between Grothendieck topologiesτ on Ho(C) and topological localizations of the presentable ∞-category of presheaves associated to C [20, Prop. 6.2.2.17]. The model topos of Theorem 3.6 corresponds to the hypercompletion (or t-completion) of the ∞-topos of sheaves in the sense of Lurie [20] .
Remark 3.10. We recall the definition of the bijective correspondence in Theorem 3.8. One direction is given by the construction of Theorem 3.6. For the other direction, consider a homotopy left exact left Bousfield localization
from which we want to extract a Grothendieck topologyτ on Ho(C). The adjunction (π 0 discrete) of functors between simplicial sets and sets gives rise to a natural simplicial functor C η − → Ho(C) and hence to an adjunction
between the categories of simplicially enriched presheaves categories on the respective simplicial categories. Consider the full subcategory PSh(Ho(C)) ⊆ sPSh(Ho(C)) of set-valued presheaves. Then, a sieve on X ∈ Ho(C),
is aτ -covering sieve if
is an S-local equivalence in sPSh ∆ (C). Here y denotes the Yoneda embedding.
3.3.
Comparing Grothendieck topologies. Let C be a small simplicial category. The purpose of this subsection is to compare Grothendieck topologies τ on the underlying category C 0 of C with Grothendieck topologiesτ on Ho(C), as considered by Toën-Vezzosi [31] and Lurie [20] , with a view towards comparing the U-local model topos sPSh ∆ (C) U τ of Theorem 3.3 with the Toën-Vezzosi model topos sPSh ∆ (C,τ ) of Theorem 3.6. These two constructions of model topoi differ in general because in the first case the definition of the covering sieves does not take into account the simplicial enrichment.
First, using the bijective correspondence from Theorem 3.8, we can identify the Grothendieck topologyτ on Ho(C) that is associated with the U-local model topos. Let C be a small simplicial category whose underlying ordinary category C 0 is endowed with a Grothendieck topology τ . The triple (π 0 discrete − 0 ) of functors between simplicial sets and sets induces two natural simplicial functors
whose composition is the localization functor γ : C 0 → Ho(C). We obtain two simplicially enriched adjunctions
of the associated presheaf categories with composite adjunction
where the right adjoints are given by precomposition with (the opposite of) the respective functor. We use the same notation to denote the restriction of this last adjunction to set-valued presheaf categories
Note that the adjunction ( ! , * ) is identified with the adjunction (H , U) from (1) and that the adjunction (η ! , η * ) was already considered in Remark 3.10. Following the description of the bijection of Theorem 3.8 as explained in Remark 3.10, we say that a sieve on X ∈ Ho(C), U y Ho(C) (X), is a [τ ]-covering sieve if
is a U-local equivalence in sPSh ∆ (C). Let [τ ] denote the collection of [τ ]-covering sieves. By Theorem 3.3 and using similar arguments as in the definition of the bijection in Theorem 3.8, it follows that [τ ] defines a Grothendieck topology. Indeed the left exact Bousfield localization of Theorem 3.3 induces a left exact localization of the category of presheaves on Ho(C) after restricting to the 0-truncated objects. By definition, this left exact localization corresponds to the Grothendieck topology [τ ] (see also [31] ).
We write α τ for the τ -sheafification functor on PSh(C 0 ) and call a morphism in PSh(C 0 ) a τ -isomorphism if it becomes an isomorphism after τ -sheafification. Likewise, we write α [τ ] 
is a τ -isomorphism.
Recall that an object X is called (right) orthogonal to a morphism f : A → B if the lifting problem
is uniquely solvable. Sheaves with respect to some Grothendieck topology τ are precisely those presheaves which are orthogonal to the collection of covering sieves for τ . Lemma 3.12. Let C be a small simplicial category whose underlying ordinary category C 0 is endowed with a Grothendieck topology τ . Suppose that f :
Proof. We have a commutative square of presheaves on Ho(C),
where the horizontal morphisms are the [τ ]-sheafifications. It suffices to show that the morphism of presheaves on C 0 , Proposition 3.14. Let C be a small simplicial category whose underlying ordinary category C 0 is endowed with a Grothendieck topology τ . Then the U-local model category sPSh ∆ (C) U τ is the same as sPSh
Proof. The model category sPSh
. Moreover, it follows from Theorem 3.8 that it is the t-completion of sPSh ∆ (C) U τ . Therefore the class ofπ * -equivalences in sPSh ∆ (C, [τ ]) contains the U-local weak equivalences. Recall that η : F → G is a U-local weak equivalence if U(η) is aπ * -equivalence in sPSh(C 0 , τ ), i.e., it is defined in terms of the τ -sheaves of homotopy groups after applying U. For our purposes here, it will be more convenient to use the characterization ofπ * -equivalences in sPSh ∆ (C, [τ ]) which does not involve basepoints [31, Lemma 3.3.3] . According to this, an objectwise fibration F → G between objectwise fibrant objects in sPSh ∆ (C, [τ ] ) is aπ * -equivalence if for any n ≥ 0, the induced morphism
is aπ 0 -isomorphism. Note that there is a similar characterization of the weak equivalences in sPSh(C 0 , τ ). Then given such a morphism F → G in sPSh ∆ (C, [τ ]), it follows from Lemma 3.12 that it is also a U-local weak equivalence. The result follows.
The Grothendieck topology [τ ] on Ho(C) admits a more explicit description as follows. Given a τ -covering sieve J : U y C0 (X) on X ∈ C 0 which is generated by
y Ho(C) (X) denote the sieve on X ∈ Ho(C) which is generated by {γ(f α ) : X α → X}.
Lemma 3.15. Let C be a small simplicial category whose underlying ordinary category C 0 is endowed with a Grothendieck topology τ . A sieve j : U y Ho(C) (X) is a [τ ]-covering sieve if and only if it is of the form [J] for some τ -covering sieve J : U y C0 (X).
Proof. Suppose that j is a [τ ]-covering sieve. Consider the pullback of presheaves on C 0 ,
and apply τ -sheafification to obtain a new pullback square
whence it follows that J is a τ -covering sieve (see Remark 3.13) . Note that the composite morphism U → γ * (y Ho(C) (X)) factors as follows
where the first morphism is an epimorphism. Comparing with the factorization in the first diagram above, it follows that [J] = j. For the converse, suppose that J : U y C0 (X) is a τ -covering sieve. Consider the pullback U ∆ of the following presheaves on C 0 ,
The sieve J ∆ is again a τ -covering sieve since it contains J. Applying τ -sheafification α τ , we obtain a pullback as follows
is an isomorphism and therefore γ * [J] is a τ -covering sieve, as required.
The correspondence J → J ∆ that appears in the proof of Lemma 3.15 can be used to elucidate the main difference between the topologies τ and [τ ]. This correspondence sends a covering sieve J to a larger covering sieve which consists of all elements which are homotopic to an element in J. It may be considered as a kind of homotopical thickening of J. Note that [J] = [J ∆ ] and every [τ ]-covering sieve is [J ∆ ] for a unique covering sieve of the form J ∆ . In particular, [τ ] depends only on the homotopical thickenings of τ -covering sieves, i.e., the covering sieves of the form J ∆ . Moreover, the Grothendieck topology generated by the sieves of the form J ∆ , for a τ -covering sieve J, is the unique smallest Grothendieck topology on C 0 such that γ : C 0 → Ho(C) is cover-reflecting (see [19, Lemma 2.3.19] ).
Furthermore, Lemma 3.15 shows that [τ ] is the smallest Grothendieck topology such that the localization functor γ : C 0 → Ho(C) preserves covering sieves (see [19, Lemma C2.3.12] ). But γ is not a morphism of sites in general because it fails to satisfy the necessary flatness conditions (see, e.g., [19, Rem. C2.3.7] ). Therefore we do not expect that γ * : PSh(Ho(C)) → PSh(C 0 ) preserves sheaves in general. We have the following results about the comparison between the different sheaf conditions. Proposition 3.16. Let C be a small simplicial category whose underlying ordinary category C 0 is endowed with a Grothendieck topology τ . Let F be an object of PSh(Ho(C)). If γ * (F ) is a τ -sheaf on C 0 , then the presheaf F is a [τ ]-sheaf.
Proof. Let [J] : [U ]
y Ho(C) (X) be a [τ ]-covering sieve on X ∈ Ho(C). We need to show that the top map in the diagram
is an isomorphism. The bottom map is an isomorphism because γ * F is a τ -sheaf. The right vertical map is induced by the natural epimorphism U → γ * [U ] and the fact that γ * is fully faithful. Therefore this map is injective and the result follows.
Remark 3.17. As mentioned before, we expect that the converse is false, i.e., that γ * : PSh(Ho(C)) → PSh(C) does not preserve sheaves in general. Given a presheaf F on Ho(C), then γ * F is a τ -sheaf if and only if F is orthogonal with respect to the set of morphisms γ ! (τ ) where
is the left adjoint of γ * . But for each τ -covering sieve J : U y C0 (X), the induced epimorphism
is not a monomorphism in general. (This is an isomorphism if J = J ∆ .) Hence, the [τ ]-sheaf condition, i.e., orthogonality with respect to [τ ] , is weaker than the τ -sheaf condition.
Motivic spaces
4.1. The enriched category Sm S . Let S always be a noetherian scheme of finite Krull dimension. Let Sm S be the category of smooth schemes of finite type over S. The category Sm S is essentially small and we implicitly fix a small skeleton. Consider the cosimplicial object ∆ ∆ (-) : ∆ → Sm S defined by
and the usual coface and codegeneracy maps. This defines the structure of a simplicial category Sm S on Sm S by [14, Lemma 1.1] where
It was observed in [14, Lemma 1.4 ] that the unit of the Quillen adjunction
is given by the Sing-construction of [21] , and we have
for F ∈ sPSh(Sm S ) and U ∈ Sm S .
We emphasize that every enriched simplicial presheaf F ∈ sPSh ∆ (Sm S ) is
is a weak equivalence of simplicial sets for every U ∈ Sm S [14, Lemma 2.8].
Consider the set S = {U ×A 1 pr − → U | U ∈ Sm S } and let sPSh(Sm S ) A 1 be the left Bousfield localization of the projective model category sPSh(Sm S ) of Theorem 2.1 at the set S. An object F ∈ sPSh(Sm S ) A 1 is fibrant if it is objectwise fibrant and A 1 -homotopy invariant.
Proposition 4.1. There is a Quillen equivalence
The right adjoint U detects weak equivalences and fibrations. Remark 4.2. As a consequence of the last proposition, there is an equivalence between the homotopy category of sPSh ∆ (Sm S ) and the full subcategory of the homotopy category of sPSh(Sm S ) consisting of objects of the form Sing(X) for some X ∈ sPSh(Sm S ). In particular, this means that a natural transformation between two such simplicial presheaves is equivalent to a simplicially enriched one, uniquely up to homotopy. This observation extends to show also a weak equivalence between the associated simplicial categories of fibrant-cofibrant objects.
Remark 4.3. Since sPSh ∆ (Sm S ) is a model topos so is sPSh(Sm S ) A 1 , too. However, the left Bousfield localization (4) id
is not homotopy left exact. This can be seen as a consequence of the fact that the motivic homotopy theory is not a model topos (see Proposition 4.12 below). Note that a fibrant replacement functor for sPSh(Sm S ) A 1 is given by the Sing-functor (post-composed with an objectwise fibrant replacement functor).
4.2.
Models for the motivic homotopy theory. The motivic homotopy category H was constructed by Morel and Voevodsky in [21] . Although they worked with an injective local model structure on the category of simplicial sheaves on Sm S , the motivic homotopy category H can be equivalently established by performing two left Bousfield localizations on the projective model category sPSh(Sm S ) of Theorem 2.1 (see [6] for details). The first localization of sPSh(Sm S ) yields the model category sPSh(Sm S ) A 1 which was already considered in Proposition 4.1. In order to describe the second localization, we recall the definition of a Nisnevich distinguished square.
For each Nisnevich distinguished square α as above, let P (α) → X in sPSh(Sm S ) be the morphism from the pushout P in sPSh(Sm S ) of the upper part U ← W → Y of the square to its lower right corner X, where all schemes here are identified with the associated representable presheaves. Consider the set of morphisms
for each Nisnevich distinguished square α Let sPSh(Sm S ) A 1 ,Nis denote the left Bousfield localization of the model category sPSh(Sm S ) A 1 at this set Nis. Following Blander [6] , the model category sPSh(Sm S ) A 1 ,Nis is Quillen equivalent to the model category of motivic spaces as defined by Morel-Voevodsky in [21] . We will refer to sPSh(Sm S ) A 1 ,Nis as the motivic model category. Accordingly, the meaning of motivic fibrant objects, etc., will refer to this particular choice of model category for motivic homotopy theory. Furthermore, L mot will denote a fibrant replacement functor for this model structure. Instead of the two-step left Bousfield localization
we may likewise first localize the objectwise projective model category sPSh(Sm S ) at the set Nis from (5) to obtain a model category sPSh(Sm S ) Nis and afterwards invert the A 1 -equivalences. We will refer to sPSh(Sm S ) Nis as the Nisnevich local model category. The functor L Nis will denote a fibrant replacement functor for this model structure.
We record the following well known theorem whose proof follows from [33, Thm. Yet another model for the motivic homotopy theory was constructed in [14, Thm. 2.4] . This is defined by a model structure on the category sPSh ∆ (Sm S ) which is Quillen equivalent to sPSh(Sm S ) A 1 ,Nis . More precisely, it is the model structure which is transported from sPSh(Sm S ) A 1 ,Nis along the adjunction (H , U). In this model category, which we denote by sPSh ∆ (Sm S ) U mot , a morphism is a weak equivalence (respectively fibration) if it is a weak equivalence (respectively fibration) in sPSh(Sm S ) A 1 ,Nis after applying the functor U. There is a Quillen equivalence
This model category should not be confused with the U-local model category sPSh ∆ (Sm S ) U loc from Theorem 3.1. 
is a weak equivalence for all P (α) → X in Nis. As the adjunction (3) is a simplicial adjunction, the latter is equivalent to the requirement that the map
is a weak equivalence for all P (α) → X in Nis. But these are exactly the conditions for F to be a fibrant in sPSh ∆ (Sm S ) H (Nis) . The result follows.
4.3.
The motivic homotopy theory is not a model topos. In this subsection, we provide some details of an argument showing that the motivic homotopy theory is not a model topos. This was sketched in [30, Rem. 3.5] .
Recall that a simplicial presheaf is called A 1 -local, if it is A 1 -homotopy invariant after a Nisnevich local fibrant replacement (or, in other words, if its fibrant replacement in sPSh(Sm S ) Nis is already motivic fibrant). This property is clearly invariant under Nisnevich local weak equivalences. Example 4.9. Let S be a regular base scheme. The Nisnevich sheaf of groups G m is clearly A 1 -invariant. It is also strongly A 1 -invariant as regular schemes have an
Nis (−; G m ). For a pointed simplicial presheaf X and an integer n ≥ 0, letπ n (X) be the Nisnevich sheafification of the presheaf π n (X) given by
where the brackets denote hom-sets in the pointed homotopy category of the projective model structure. Assumption. We assume for the rest of the subsection that S is the spectrum of a perfect field.
Theorem 4.10 (Morel [22] ). Let X be a pointed simplicial presheaf. Then the sheafπ Proof. See [8, Lemma 4.6] .
Combining these results we can now conclude that the motivic homotopy theory cannot be a model topos. Proof. Suppose that the motivic model category sPSh(Sm S ) A 1 ,Nis is a model topos. Using (HD2), we will show that this implies a weak equivalence G ΩL mot BG for each A 1 -invariant Nisnevich sheaf of groups G (see Example 2.13). This leads to a contradiction because then we would have isomorphisms of sheaves of groups
contradicting Theorem 4.10 and Proposition 4.11. Consider the multiplication m : G × G → G and the simplicial object in sPSh(Sm S )
This receives a morphism, by projecting away from the first factor in each simplicial degree, from the simplicial object in sPSh(Sm S )
The fiber of the morphism EG → BG is the constant simplicial object G in sPSh(Sm S ). It is easily verified that for each morphism
is a pullback in sPSh(Sm S ). The corners of this square are motivic fibrant because they are finite products of the A 1 -invariant discrete Nisnevich sheaf G. Moreover, the square is a homotopy pullback in the objectwise model category sPSh(Sm S ) since EG n → BG n is a fibration. We conclude that the square above is also a motivic homotopy pullback for every morphism [n] → [m]. But then, if property (HD2) were satisfied, it would follow that the diagram
is a motivic homotopy pullback. As explained above, this leads to a contradiction.
4.4.
Motivic homotopy pullbacks. In this subsection, we collect some results on the interaction between Nisnevich fibrant replacement and the Sing-functor in relation with homotopy pullbacks.
Consider the left Bousfield localization sPSh(Sm S ) → sPSh(Sm S ) Nis from the projective to the Nisnevich local model structure and let L Nis be a fibrant replacement functor. Recall that a commutative square Q of simplicial presheaves is a Nisnevich local homotopy pullback if and only if the square L Nis (Q) is an objectwise homotopy pullback. As this Bousfield localization is homotopy left exact by Theorem 4.6, an objectwise homotopy pullback square Q is also a Nisnevich local homotopy pullback. Now consider the Bousfield localization sPSh(Sm S ) → sPSh(Sm S ) A 1 ,Nis to the motivic model structure and let L mot be a fibrant replacement functor. Again, a commutative square Q is a motivic homotopy pullback if and only if the square L mot (Q) is an objectwise homotopy pullback. However, as this Bousfield localization is not left exact by Proposition 4.12, there exists an objectwise homotopy pullback which is not a motivic homotopy pullback.
In this subsection we will identify some objectwise homotopy pullbacks which are also motivic homotopy pullbacks. We will make use of the notion of an A 1 -local simplicial presheaf from the beginning of the previous Subsection 4.3. Proposition 4.13. Let X ∈ sPSh(Sm S ) be A 1 -local and let
be an objectwise homotopy pullback. Then it is also a motivic homotopy pullback.
Proof. This follows directly from [18, Lemma A.3] .
Corollary 4.14. Let X be pointed and A 1 -local and Y → X → X an objectwise homotopy fiber sequence. Then it is also a motivic homotopy fiber sequence.
In the rest of this subsection, we want to replace the A 1 -locality condition in Proposition 4.13 with the following weaker property. [5] . However, we have the following partial results in this direction which are instances of the π * -Kan condition. 
be a commutative diagram of bisimplicial sets (with indices p and q) such that for each q ≥ 0, the diagram
is a homotopy pullback of simplicial sets. If the simplicial set ([q] → π 0 (X q )) is constant, then the diagonal applied to (6) is a homotopy pullback of simplicial sets.
Proof. This is [29, Prop. 5.4.] . The statement in op.cit. uses simplicial spaces: Here p is the 'space direction' and q is the 'simplicial direction'. In [29] , a morphism X → X of simplicial spaces is called a realization fibration, if the conclusion of the lemma is valid for all commutative diagrams (6) which are homotopy pullbacks in each degree q.
The previous lemma can be used to prove a strengthening of Proposition 4. 
Proof. By homotopy left exactness of the Nisnevich localization functor, we may assume that all objects are Nisnevich local fibrant. Consider the diagram
of bisimplicial presheaves whose diagonal is the Sing-functor applied to the original square (7) . Fix an U ∈ Sm S . The simplicial set [q] → π 0 (X(∆ ∆ q × U )) is constant by assumption. Hence the square Sing (7) is an objectwise homotopy pullback by Lemma 4.18. Its lower right corner Sing(X) is A 1 -local by Theorem 4.17 and thus Sing (7) is a motivic homotopy pullback by Proposition 4.13. Now the desired result follows as this square is motivically equivalent to the square (7) in question. . Let X ∈ sPSh(Sm S ) be pointed and π 0 -A 1 -local and let Y → X → X be an objectwise homotopy fiber sequence. Then it is also a motivic homotopy fiber sequence.
Corollary 4.21. Let X ∈ sPSh(Sm S ) be a pointed objectwise fibrant simplicial presheaf which is π 0 -A 1 -local. Then 
5.
The U-local model category for Sm S Applying Theorem 3.1 to Sm S equipped with the Nisnevich topology on Sm S , denoted Nis, we obtain the U-local model structure sPSh ∆ (Sm S ) U Nis . By Theorem 3.3, this model category is a model topos. In this section, we compare this model topos with the model sPSh ∆ (Sm S ) U mot for the motivic homotopy theory from Proposition 4.7.
The model topos sPSh
∆ (Sm S ) U Nis . Using Proposition 3.14, we can identify the Grothendieck topology on Ho(Sm S ) that gives rise to the model topos sPSh
is an isomorphism after Nisnevich sheafification. As shown in Lemma 3.15, this corresponds to a sieve which is generated by the image of a Nisnevich sieve on Sm S under γ : Sm S → Ho(Sm S ). 
This Quillen adjunction however is not a Quillen equivalence since the left-hand side is a model topos (see Theorem 3.3) while the right-hand side is not (see Proposition 4.12). Similarly, the comparison between these two homotopy theories, represented by sPSh ∆ (Sm S ) U Nis and sPSh ∆ (Sm S ) U mot respectively, can also be studied on the 'non-enriched side' using the left Bousfield localization id : sPSh(Sm S ) Sing-Nis → sPSh(Sm S ) A 1 ,Nis .
Note that neither of these two left Quillen functors is homotopy left exact since the motivic homotopy theory is not a model topos.
Example 5.5. We give an example of a motivic weak equivalence which is not a Sing-Nisnevich local weak equivalence. Consider the Nisnevich sheaf of groups G = Z(G m ) from Proposition 4.11 and the motivic weak equivalence
where L Sing-Nis is a fibrant replacement for the model topos sPSh(Sm S ) Sing-Nis from the previous Theorem 5.3. Consider the canonical commutative triangle
The left diagonal morphism is a Sing-Nisnevich local weak equivalence since the model category sPSh(Sm S ) Sing-Nis is a model topos. Hence it is also a motivic weak equivalence. We observed in the proof of Proposition 4.12 that the right diagonal morphism is not a motivic weak equivalence. Therefore, also Ω(f ) cannot be a motivic equivalence. This implies that f cannot be a Sing-Nisnevich local weak equivalence.
The comparison between sPSh ∆ (Sm S ) Sing-Nis and the motivic homotopy theory is essentially the question of how much of Nisnevich descent is encoded in the Ulocal model structure. We discuss the comparison between the sPSh(Sm S ) Nis and the model category sPSh(Sm S ) Sing-Nis and then identify the descent condition in question based on the results of Section 3. 
and let P be the pushout of f and g in sPSh(Sm S ). As f is a monomorphism, the induced morphism P → A 1 is a Nisnevich local weak equivalence. The Sing-functor preserves all limits and colimits, therefore Sing(P ) is the pushout of Sing(f ) and Sing(g). Since Sing(f ) is a monomorphism, Sing(P ) is also the homotopy pushout in sPSh(Sm S ) Nis and therefore P → Sing(P ) is a Nisnevich local weak equivalence.
Suppose that the Sing-functor preserves all Nisnevich local weak equivalences between cofibrant objects. Then Sing(P ) → Sing(A 1 ) is a Nisnevich local weak equivalence and hence A 1 → Sing(A 1 ) is a Nisnevich local weak equivalence. This is a contradiction since Sing(A 1 ) is objectwise contractible by [14, Cor. 1.6] and therefore also Nisnevich local contractible. But this is not the case for A 1 , which is the contradiction. Therefore the Sing-functor does not preserve Nisnevich local weak equivalences.
Corollary 5.7. The adjunction H : sPSh(Sm S ) Nis sPSh ∆ (Sm S ) U Nis : U is not a Quillen adjunction. In particular, H does not send Nisnevich squares to homotopy pushouts in general.
Proof. The functor Sing UH does not preserve Nisnevich local weak equivalences between cofibrant objects by Proposition 5.6.
Remark 5.8. An alternative proof of the above Corollary 5.7 can be obtained as follows. Let F ∈ sPSh ∆ (Sm S ) U Nis be a fibrant simplicial presheaf. If the functor U to the Nisnevich local model category were a right Quillen functor, UF would be Nisnevich local fibrant. This implies that UF is motivic fibrant since it is A 1 -invariant. However, sPSh ∆ (Sm S ) U Nis is not a model for the motivic homotopy theory (see, e.g., Proposition 4.12).
The comparison between sPSh ∆ (Sm S ) U mot and sPSh ∆ (Sm S ) U Nis can be specified further by identifying an explicit set of morphisms which defines this Bousfield localization. To describe this, it will be convenient to pass to the associated presentable ∞-categories and use the ∞-categorical notion of a covering sieve as considered by Lurie [20] .
Let Sm ∞ S denote the ∞-category associated with the simplicial category Sm S . Explicitly, this is given by applying the coherent nerve functor to a fibrant replacement of Sm S . Then, the ∞-category of presheaves P(Sm Following Proposition 4.7, the localization of P(Sm ∞ S ) at H ∞ (Nis) is equivalent to the presentable ∞-category, denoted P(Sm ∞ S ) mot , associated with the motivic model category sPSh ∆ (Sm S ) U mot . We may factorize the morprhism in (9) into an effective epimorphism followed by a monomorphism (see [20, 6. at the set of morphisms {Q α : α Nisnevich distinguished square}. The boxes indicate that the corresponding model categories are model topoi. The label 'lex' (respectively '¬lex') means that the left Quillen functor is homotopy left exact (respectively not homotopy left exact). The second row consists of models for the motivic homotopy theory. The top row is obtained by applying Theorem 2.18 to sPSh(Sm S ) Sing-Nis and sPSh ∆ (Sm S ) U Nis and the respective classes of motivic weak equivalences. The dotted arrow is not a Quillen adjoint by Corollary 5.7.
